
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



On the Determination and Solution of the Metacyclic 
Quintic Equations with national Coefficients. 



By J. C. Glashan. 



(The following paper is in tardy fulfillment of a promise made to the late 
Professor Q-eorge Paxton Young. See American Journal of Mathematics, vol. VI, 
page 114). 

§1. li c d e/are given rational numbers, and if 

A = Z(»-^e, 

B = 15c* — 2(?e + 80(^2 — Uf + 3e^, 

G= 26c« — 35c*e + 40cW + iMf ■\- llcV— I'^cd^e — cf + 16c?* + Idef — e», 

D= 3456c^/2— 11520c*efe/+ 6400cV + h\m(?d^f — Z^m&^i'— lUOc^ef^ 

+ 26iOcH^f+ 4480c^d^f— 25600^6*— lOOSOcd^ef + 5760c<^V— 120cc?/' 
+ leOcey^ + 3456(^y— 2160<iV + 360(^*6/^ — 640(^ey+ 256e» +/*, 

the quintic equation 

a;^ + IOck' + 10c?a^ + 5ea; +/= (l) 

will be solvable by radicals if the sextic equation 

(m^ _ 5Au^ + 5Bu — 5GY—Du==0 (2) 

have a rational root, but if the sextic (2) have not a rational root, the quintic 
(l) will not be solvable by radicals. (In examining equation (2) for a rational 
root, only common factors of G and D of the form m^ + ^^ or the form m^, need 
be tried as values of u.) 
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If the sextic (2) have a rational root, denote it by Mi, and let 

E=2cd+f, 

F= lOc^d + llcy— IScde + 12cZ' + ef, 

G=50c^d — 69cy+20(^de +4:0(^d'-\-4:2cPe/ — 4Scd^f — S8cd^+4:4<^e — df+^f, 

a^=il-{d-r,)+V{{d-tsf+i{c-%){<^-rm, 
«,= hl—{d+ t,)—V{{d + r.f+^iG + r,){<^-tf)\-\, 
a3 = 4 [- {d+r,) +V{{d + r,f+^{c + r,){c^ - 4)\1 , 
a,=^hl-{d-r,)-V{{d-tsy+4:{c — 'e,){<^-rl)\2. 

and 0)^ — 1 = 0, 

then will 

§2. The preceding propositions may be proved as follows : 
Let a; = ayi + a% + (d% + 0)^4 . 

in which a^— 1 = 0, 

then will 

x"* — lOffgJC^— lOtfsa;* — 5(2(74 — <T| — 3Tf)x— 2(75+ 20'r2'r3=0, (3) 

in which 

2(T2 = 2/i2/4 + 2^2 2/3, '^i — y\yi — y%y%i 

2(T3 = 2/12/3 + 2/1^1 + 2/3 2/4 + 2/t2/s. 2^3 — y\yi — ylyi — ylVi + 2/12/8, 
2ff4 = 2/1 2/3 + 2/1 2/4 + 2/3^1 + 2/4 2/s. 
2(T5 = 2/i +2/2 +2/3 +2/4- 

Comparing equations (1) and (3), gives us at once 

<T2= — c, 

(73= (^ , 

2<T4 — ci — 3t| = —e, 
2(75— 20Tr2rs =— /• 
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To these we add 

al — tl= 2(T2 (ai + Tf ) — At^ (T3 Tg — 4 {al — tff, 
(o^s + T3)((yi + '^4) = {<y% — '^i){(^i +'^5) + (<ya + '^2)^(^3 — T3) , 

(O'S — 'r3)(0'4 — '^4) = (<72 + T^2)(<^5 — Tb) + ((Tj — t^fip^ + Tg) , 

in which 2r4 = y\y^ — yl y^ — ^| y^ + j/f 2/3 . 

2^5 = 2/! — y| -2/1 +y|. 

On eliminating Cg, Cs, cr4, Cg, TTg, "Ti and T5 from these equations and writing w for 
25t|, we obtain 

[{ M=' — 3 (3c« + e) M^ + (1 5c^ — 20^6 + Scd^ — Idf + 3/) m 

+ 250" — 35c*e + 40c»(^ + %?df-\- \\<?^ — l^c^'e — cf 
+ 16(2*+ 2(fe/— e^f X 
{cm*— (20c^ + 8ce — d^) u^ + (ISOc^ + 20c^e + hhc^^ — \Acdf 

+ 38ce^ — 7a!2e + Z^) v? — (600c' — 400c^e + 6 25c*(^^ + 36c¥/ 

4- lOOcV — 270c^cZ^e + 24cy^ + 200c<2*— 10icde/+ 56ce^ 

+ 66c2y— 31(?e' + e/2) m + 25 (c^ — ee + c^){25c^ — 35c% + 40c'(^^ 

+ 2c^df+ ne'e" — 2%cd?e — of + 16(?* + 2def— e^) \ 

— ] (2cc?+/) «2— 2 (lOc^+l ley— 18c«5e + 1 2(^3+6/) m+SOc^c^— 59cy 

+ 20c3(2e + 40c^(i'+ 42cV— 48c(Zy — 38cc?e^+ 44(2^6 — (2/+ eyf^w] 

-^ (ctt + c^ — ce + <2^) = 0. 

On performing the indicated multiplications and division, the resulting 
sextic equation may easily be reduced to the form in which it has been given in 
equation (2) of §1, viz, : 

(m^ — 5 J-M^ + 55m — 5C)2 — Z>w = . 
In the course of the elimination, the equation 



is obtained, and thus 7*3 is given in terms of t% . 
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If Ta and Tg have been determined, we have 

^1 2/4 = o'a + ^2 = — (c — Tj), 

2/2 2/3 = <^a — 'I'a = — (c + Tg), 

2/1 2/3 + 2/1 2/3 = 0'3 + '^3 = — ((^— Tj), 

2/3^1 + 2/I2/4 = <^z— 'fz = --{d + T^), 

yil/3 — yly2= V \{d—Tsf + i{c — r^f{c + r^)}, 
yli/i-ylyi = V\{d + rsy + 4{c + 'r,f{c — r,)\, 

2/12/3= K— (^-^3) +V](d — Tg)^ + 4(c — T2)(c2 -Ti)f] = ai, 
2/1 2/2 = i [— {d — r3)—\/\{d — Tsf + 4 (c — 'r2)(c2 — t1) f ] = ai, 
2/i2/i = i [- (^ + T3) + VU<^ + '^a)' + 4(c + r2)(c^- ri)n = "s, 
2/i2/4 = i [- {d + Ts) —V\{d+ Tsf + 4 (c + r,){(P - rf) f] = a„ 



,,6 _ (4 0-3 ,,5 _ at 0^2 

^'~(c + ^2)^' ^'~{c + t,y 

yl=7:^~T2' y\- '"'''"' 



» ' 



and a: = 6)1/1 + a^y^ + o^^g + 0^4 • 

Examples. 

1. £c^ + 3cc2 + 2x— 1 = 0, 

c=0, d=.3, e = A, /= — 1, 

/. the critical sextic is 

(m^— 2m'^ + 5.4w + . 872)^— 17.672m = 0, 

■Ml = .2, 

T3 = ^V V 5 and T3 = ^V V 5 , 

ai = 5^ [-75 + 35V5 + v/]470(25-llv/5)n, 
0^2= g^ [— 75-35V5— V{470(25 + llV5)n, 
a3=5^[-75-35v/5+VH70(25 + lW5)i], 
^4= 5^ [- 75 + 35V5-x/{470(25 - 1W5)}] , 
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and 83 = ©2/1 + «Va + "Vs + «V4- 

The value of ^/i may also be written 

with corresponding values of 2/|, 2/1' 2/1' 

(This is the resolvent quintic of the modular equation of the 47*'' order. It 
was solved by Professor G. P. Young in the American Journal of Mathematics, 
vol. X, pp. 108-110.) 

2. a;^ — 10a;^ — 20a!^ — 1505a;— 7412 = 0, 

c= — 1, c? = — 2, e= — 301, /=— 7412, 

.*. the critical sextic is 

(m* + 1490m^+ 1213700m — 371439000)^— 1883801304320000w= 0, 

«!= 50, 

i2= — \/2 and ^3=8^/2, 

ai= 1 + 4V2 + V(34 + 7-V/2), 

ag = 1 — 4V 2 — \/(34 — 7 V 2) , 

as = 1 — 4V 2 + V(34 — 7V 2), 

a4= l + 4x/2— \/(34 + 7V2), 

.-. «/f = 9(197-^139V2) + V{81(197 — 139V2f — (1-V2)5}, 
2/1 = 9(197+ 139a/2) — V|81 (197 + 139V2)^ — (14-V2)S}, 
2/i = 9(197 + 139y'2) + V]8l(l97 + 139V2f — (1 + V2)^i, 
2/1=9 (197 — 139V 2) — VjSl (197 — 139V2f — (1 — V2f j, 

and 03 = oj^i + w^a + "^2/s + "42/* • 
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(This equation was solved by Professor G. P. Young in the American Jour- 
nal of Mathematics, vol. X, pp. 115, 116.) 

3. a;^— 4a;^+ 4a!^ — 5a;^+12x— 1 = 0. 

Let x=i{z + 4), 

g5 — 60a^ — 705z* + 3460a + 19179 = 0, 

c= — 6, d= — 70.5, e=692, /= 19179, 

.-. the critical sextic is 

(«'— 4000m* + 19359375m — 4982421875)^— 55042999267578125m = 0, 

■Mi=125, 

.-. ai = i^l41 + 83V5+V(51350 + 22910^/5)}, 
a3 = ii 141 — 83V5 — V(51350 — 22nO^/5)\, 
a3=i{l41 — 83V5+V(51350— 22910V5)f, 
a4= iil41 + 83>/5 — V(51350 + 22910\/5)i, 

.'• 2/i= — i(15029 + 7135x/5)—V{tV(15029 + 7135^/5)^ — (6 +V5f}, 

2/i=— i(15029 — 7135V5)— \/iTV(15029 — 7135V5)^ — (6— V5)^h 
2/5=:_J(l5029 — 7135V5)+-v/iTV(15029 — 7135-v/5)^ — (6— v/5f[, 

yS= — J(15029 + 7135-V/5) +-v/iTV(15029 + 7135^/5)* — (6 +V5f [, 
and 

The value of yl may also be written 

y| = — J (15029 + 7135V5) — W{ 158 (13505 + 6029^5)}, 

with corresponding values ofyl, yl, yl- 

(This is the resolvent quintic of the modular equation of the 79*'* order.) 

§3. In the preceding sections it has been assumed that the quintic is of the 

form 

x^ + 10c»« + lOdx^ + 5ea! + /= . 

If we consider the full-termed form 

aa? + 5&X* + lOcx^ + lOc^a;^ + 5ea; + /= , 

the course of the solution will follow that in the preceding investigation, step 
by step, and may be summarized as follows : 
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Write 

H^ =-ac — W, 

H^=aH—ZahG+2h\ 

Hi =a^{ae — Abd + Zc^), 

H^ = a« {aj— babe + ^acd + Wd — ebo^), 

H, =H,E,-Hi-4Hi, 

H, = HsH, + QS,H, - E! + 4S|fi„ 
E^ = iE^E^ — SEgE^, 
E,, = Ei+l 2E,E, + 4:E,E!, 
E^ = E,E,, - 2E,E, + 9Ei-Ei, 
E,s = E,Es + 2E,E, + 24:EiEs, 

E^ = 2E, {E,E, - SE,E,) + E, {2H,E, - E,E, - UEi) - 8E!{E! + SE^), 
ax = — b + ayi+ a% + a% + a% , 
06—1 = 0, 

and as before, 

203 = ylys + ylyi + ylVi + y\y^ . 
2(T4 = ylVi + yl2/4 + 2/32/1 + yiys , 

2(rB = 2/i + 2/l + 2/3 + 2/4. 

2'r3 = ylys — ylvi — ylVi + 2/f 2/2. 
M= 25<r|, 

then will Ca + -ffa = 0, 

(r3 + 5^3=0, 
2(T, — ff|— 3t| + if, — 3^ = , 

2ffB — 20^273 + jBTg — 2^2^3 = . 

Eliminating cfg, O3, 0-4 and (T5, we obtain 

^ _ ] iSs^^ - 2 (4^9 + g.gs) ^^ — gi3 + SO-Feg, | -T^ 
^~ Us—3Ey—{2Es — Hf)u — Ei^+26Ei 
and 

[{ M^ - 35"X - (2fl8 -E!)u — E,^ + 26EI\ 

X I ^2«* - (A + 7i?2J34) «' + (5io - IS^a^e - SiT^iSe + 9^2-5*) «' 

— {E,E,,+2lEf—66E,Es—26E!E,+ 4ME,Ei) u+ 25E, (JJig— 255|) \ 
— \ Sy - 2 {4:E, + E,E,) u-Eis + 50E,H, ^ t*] -J- {E^u -E,) = 0, 
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which can be reduced to the form 

{ w> — bHiu? — 6{2Hg — Hi)u—6 [H^ — 255^) P — (1 28^2o + Ao) « = . (4) 

Hence, if 

ttg = as = a4 = 

then will 



Theorem I. — Every algebraic equation A of degree n has a dioristic equa- 
tion B of degree {n — 2) ! whose coefficients are seminvariants of the coefficients 
of A , and which is such that if A be solvable by radicals, B will have a rational 
root, and conversely, if -B have a rational root, A will be solvable by radicals. 

Theorem II.— If the equation A be solvable by radicals, its coresolvent 
equations will be of the degrees whose indices are the prime factors of n — 1 . 

Examples. — The dioristic equation of the cubic 

ay? + Zhs? -\- Zgx-\- d = Q 
is z + jffg = , 

and the coresolvent equation is a quadratic. 
The dioristic equation of the quartic 

ax^ + Ahx^ + Qca? + 4dx + e = 

is iz^ — Hi = 0, 

and the coresolvent equation is a cubic. 

The dioristic equation of the quintic is reducible by a linear transformation 
to equation (4) above, and the coresolvent equations are two quadratics. 

Ottawa, Canada, March, 1900. 



